CHAPTER 3

Elements of Smulation

Introduction
It will be useful, at this point, to gather together and define a number of terms that
occur frequently in the simulation of discrete systems.

Entities

Entities are objects of interest that are acted upon or created by the ssimulated pro-
cesses. Customers, data packets, paperwork forms, components, and manufactured
products are all examples of entities. Entities have attributes, such as size, color,
type, and value that can determine routing through the simulated system and subse-
guent processing. The arrival times of entities, and their attributes, are gathered dur-
ing model building phase of simulation. These arrivals may be periodic, scheduled,
event triggered, or random. Entities may be aggregated or transformed into other
entities by a process. Entities can also be created, and can be split into component
entities, by processes.

Attributes

Attributes are properties of entitiesthat are held to be significant for the purposes of
simulation. Arrival rates, sizes, colors, and logical values are some examples of at-
tributes. Some of these attributes will have an effect upon the direction of flow that
entitiestake in asystem or on their processing time in agiven operation. An airline
providesdifferent check-in servicesto passengers, according to theticket classheld,
for example. Inthis case, the class of ticket is an attribute of the passenger.

Arrivas

An arrival isthe entry of an entity into a process domain. Arrivals have statistical
properties in discrete systems. The time between successive arrivals is termed the
interarrival time. If the arrivals are random, the interarrival time is modeled by a
probability distribution function. An Exponential distribution would be a possible
case. Simple casesare also possible, such asasingle scheduled arrival, or aperiodic
arrival. Arrivalsmay also betriggered by aprocess event, such asalevel or alogical
condition. In such cases, thearrival isnot random, sinceit is dependent upon another
operation. The withdrawal for testing of every one-hundredth item from a produc-
tion series, for instance, would create anon-random arrival at atesting station. Some
arrivalsmay appear periodic, but arereally random. Thearrival of the morning news-
paper appearsto occur periodically, for example, but the exact time between arrivals



will be statistically distributed, albeit with anarrow deviation from the mean value of
1440 minutes.

Activities

Activitiesare functions performed by process elementsthat usetime or create events.
They definewhat entitiesare doing during atimeinterval. Operations perform activi-
ties on their input entities. These operations may depend, to some extent, upon the
attributes of the entities. The checkout of a basket of grocery items, for example, is
an activity that uses an amount of time that varies with the number of itemsin the
basket. Performance of activities requires resources.

Resources

Resourcesare auxiliary personnel or matériel required to process entities. Resources
may be simply required for temporary use, such as a vessel to cook in, or may be
consumed, such as broth to cook. Resources can aso have failure and scheduled
downtime properties. Resourcefailureistypically statistical, and isassociated with a
statistical model. The statistical failure of aconveyor would be an example. Resource
downtime is sometimes scheduled, and is often periodic. Working shifts and week-
ends are examples. Resources can al so have downtimefor recycling after an amount
of use, including a single use. A hospital bed would be an example. Resources are
availableto activities (operations) in certain specified quantities. When there are no
resources available, for whatever reason, the activity dependent upon them will be
delayed or paused. Binsof limited sizefor work in processwould be an example, one
that occurs by design in order to minimize in-process inventory. When abinisfull,
the process becomes blocked. Resources can also have parameters, such as sizes or
rates of delivery. The sizes of binsfor work-in-process would be an example.

Paths

Paths are the routes taken by entities or resources in a system. They may be fixed,
random, or dependent. A fixed path is determined by the design of the process or
system. A random path, on the other hand, istaken by an entity or resource according
to a statistical distribution. The paths taken by good and defective product after
testing would be examples of this. A dependent path is one taken as the result of a
logical operation upon an attribute of an entity. Paths have attributes, aswell, such as
speed, capacity, etc. In pathsfor which speed isan attribute, transit time delay will be
inverseto the speed. A conveyer would be an example. Paths can a so have conflicts
(interferences), such asthe crossing paths of fork lift trucksin awarehouse. Know-
ing the dimensions of the region of conflict and the intensity of use, a statistical
model of likely interference delays can be devel oped.

State

The state of a system is the collection of variables needed to describe the future
behavior in response to input. The state of a queuing system includes the queued
entities and the entities being serviced. An arrival alters the state of the queue, and
thus of the system. The completion of a service aso affects the queue, since a new
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gueued entity is withdrawn for service. The serviced entity also progresses to the
next queueinthe system, altering itsstatein turn. If we wereto halt asimulation and
then restart it, it is the state of the system that would have to be saved and then
restored before the simulation could resume.

Events

An event is an instantaneous occurrence that can alter the state of the system. There
are two types of events. Exogenous events are those having their origin external to
the system under study. They arrival of a data packet at a router would exemplify
such an event. Endogenous events are those having their origininternal to the system
under study. The completion of service of an entity would be an example of such an
event. Simulation events are saved in an event list until their time to be executed
occurs. In an event driven simulation program, the simulation clock is advanced to
the next event time at each computational cycle. Thisis in contrast to older, and
slower, time driven simulation systems, in which the ssmulation clock advancesin
fixedintervals.

Components
Components are parts of a system. They can be process elements or entire sub-

systems.

Parameters

Parameters are quantities that can take on arbitrary values, to be assigned by the
operator of the model or simulation. They typically remain constant for one simula-
tion study. Thearrival ratesof entitiesand servicetimes, usually specified by statisti-
cal distributions, would be examples. However, the maximum queue length of apro-
cess operation should also be considered a parameter, because it could be varied
between simulation runsin order to determineif thereisany performance sensitivity
to this parameter under the simulated conditions.

Variables

Variables are quantities that can assume only those values permitted by the form of
the model. An example might be a discrete variable such as CreditCardType, which
could take on specified values of “Regular,” “gold,” and “Platinum.” This style of
formal type definitions servesto reduce run-time errors, especialy in projects being
assembled by teams. The length of a queue is also a discrete variable, because it
increases or decreases by exactly one unit in responseto an arrival or acompletion of
service, respectively. The number of customers being served is also avariable, be-
cause some queues may be empty. An empty queue idlesits attached server, though
servers can a so be idled because of downtime for breaks or other causes.

Functional Properties
The functional properties of a process are the mathematical relationships that de-
scribe the behavior of the dependent variables of aprocessfor the given parameters,
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initial state, and inputs. These are the representations of aprocess. A server exhibit-
ing exponential servicetimewould be an example.

Constraints

Constraints are limitations placed upon the permitted values of variables or upon the
allocation of resources. A limit on queue length, a work in process bin size, or a
maximum number of serverswould qualify asconstraints.

Criterion Function

A criterion function isamathematical expression that isused to measure the perfor-
mance of a system with respect to prescribed goals. A least sum of squared error
measure, for instance, can be used to measure the degree to which a probability
distribution correctly models process data gathered in the field. A minimization of
operating cost criterion could also be used for the optimization of system design by
simulated eval uation of competing process models or operating strategies

Basics of Queuing Systems

Introduction

The theory of queuing systems provides abasis for understanding the simulation of
discrete systems. The basic queuing model, shown in Figure 3.1, consists of an arrival from
adtatistically distributed calling popul ation, an input queue, and aserver. The calling popu-
lation isthought to contain arrivals with interarrival times distributed according to a speci-
fied probability density function. Thispopulationislikeaset of ballsin alottery, which areto
bewithdrawn. Each ball containsanumber, which specifiestheinterarrival time. These num-
bers are distributed according to a mathematical function, some numbers occurring more
often than others. Adding a withdrawn interarrival time to the simulation clock time pro-
ducesan arrival event that is scheduled to take place. Arrivals are queued, and entitiesto be
serviced are withdrawn from the input queue. The servicetimeisalso astatistical function,
and it may depend upon certain properties of the arriving entities. It may be helpful to think

Arrival Queue Server  Served

i Event
Calling
ARSI 000" 0 =0

Figure 3.1 Basic queuing model
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of drawing two ballsfor each arriving entity in akind of doublelottery. Thefirst indicatesthe
interarrival time, to be treated as indicated above. The second drawing, from a differently
distributed population, indicates a parameter upon which the service time will depend, or it
may indicate the service timeitself for this entity. The queue server will hold the entity for
this elapsed time after it is withdrawn from the queue.

It isimportant to understand that the average rate of process inputs cannot exceed
theaverage serviceratein aqueuing system. That is, the average number of entitiesarriving
per unit time cannot exceed the average number leaving after being serviced. If thiscondition
wereto be violated, the queue length would grow without limit until the queue would over-
flow at its maximum length. Theinstantaneous rates can vary, however, and it isthisinstan-
taneous fluctuation that the queue is designed to absorb. If arrivals and service compl etions
were synchronized, there would be no need for a queue at al. Imagine a doctor’s office
where patients always arrive at the appointed time and the doctor is always ready at exactly
this time, having just completed the previous case. There would be no need for a waiting
room, and the doctor would serve the maximum possible number of patients each day. It is
the variability of arrivals and service times that necessitates a queue, and this variability is
expressed by the corresponding statistical distributions. In general, the larger the deviation
from the mean (average) value, thelarger the average length of the queuewill be. Thisqueue
length can be significant, for instance, if entities unprocessed at the end of ashift need to be
specially processed at high cost. Such costs can be afactor in determining when to add shifts,
overtime labor, or outside contractors.

Static Queuing Analysis

A basic queuing system model was shown in Figure 3.2. For the present discussion,
inputswill be assumed to arrive at a Poisson distributed average rate of | units per unit time.
Thisdiscrete distribution is often used to model the number of entitiesarriving during aunit
of time and will be discussed later. It has asingle parameter, the mean value. Then | will be
themean arrival rate. It will also be assumed that the server will service available unitsat an
exponentially distributed rate of m units per unit of time. (This distribution will also be
discussed later) If an event occurs according to a Poisson distributed rate, the time between
events will be exponentially distributed. This distribution has a single parameter, the mean
servicetime. Thus, if customersarrive at an average rate of 20 per hour and are served at an
average rate of 25 per hour, we will have, | = 20 and m = 25. Now, if customers arrive at
precisely spaced intervalsof t, = 1/ (0.05 hours), and it alwaystakes exactly t. = 1/m (0.04
hours) to service them, there would be no queue. Each customer would be serviced immedi-
ately upon arrival, and the service would be completed 0.01 hours before the next customer
arrival. Thiswould be avery rare occurrence. Normally a queue would form. This permits
certain analysisto be performed.

Total timedelay
Theaveragetotal timedelay, W, before compl etion of serviceonagiven arrival isthe
sum of the time spent in the queue, W, plus the time spent in service, W_. Mathematically,
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W=W, +W, (3.1)

We know, however, that the time spent in serviceisjust 1/, becausethe servicerateisp . If
there are n customersin the queue upon arrival, thetimein the queue will be n timesthe unit
servicetime. That is,

W =nW, + W, = (n+1)W, (3.2
Using the given servicetime 1/,
W = (n+1)(Y/ ) (3.3

Thus the expected delay will depend upon the state of the queue and the mean servicerate.
Thiswill beafamiliar concept to those who have been stuck in highway traffic queues.

Number of entitiesin system

The expected (mean) number of entitiesin the system, L, will be equal tothearrival
rate, |, multiplied by the expected total waiting time, W. Thisis,

L =AW = A/(u-A) (3.4)

Notethat asthe average arrival rate, A, approaches the average servicerate, p, the length of
the queue becomesinfinite.

Number of entitiesin queue
The expected (mean) number of entitiesin the queueisgiven by,

L, =AW, (3.5)

q q

In terms of the rates, the number of queued entities thus becomes,

L, = A% u(u-A) (3.6)

Thetotal waiting timeis, on average,

W=W, +1u (3.7)
Substituting for W,
W = 1/(u-A) (3.8)

32



These conclusionslead to Little’'s result:

_ A

L =AW S (3.92)
/]2

T ) (30)
1. A

V\/q —;Lq —m (3.9¢)
1 1

W =W, +; =m (3.9d)

Therearefour variables and three independent variables. Thus, if oneisknown, therest can
be calcul ated.

Statistical Models

The previousdiscussion dealt only with average values and could not be used for the
calculation of instantaneous queue lengthsrequired in simulation studies. Real world behav-
ior may require more parameters, other than average values, and may not be limited to only
Poisson input and Exponential service models. It will be the task of the model developer
either to fit awell known mathematical model to processdataor to formulate an entirely new
model to fit the data. Discrete system simulations will then use these probability modelsto
generate instantaneous simul ated process states.

The fundamental statistical model is the probability density function of a random
variable f(X). This describes the probability that the random variable takes on the value X.
Table 3.1 showsthe number of carsentering acar wash with the specified interarrival times,
designated by X, on agiven day. Four-minute spaces occur six times, for instance. For these

Table 3.1 Mean value of car wash probability distribution
X Frequency Probability X*Prob

1.000 0.000 0.000 0.000
2.000 1.000 0.032 0.065
3.000 1.000 0.032 0.097
4.000 6.000 0.194 0.774
5.000 13.000 0.419 2.097
6.000 7.000 0.226 1.355
7.000 3.000 0.097 0.677
8.000 0.000 0.000 0.000
9.000 0.000 0.000 0.000
10.000 0.000 0.000 0.000
Mean = 5.065
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Table 3.2 Calculation of variance of collected data

X Frequency Probability X*Prob X - E(X) [X-E(X)]*P(X)
1.000 0.000 0.000 0.000 -4.065 0.000
2.000 1.000 0.032 0.065 -3.065 0.303
3.000 1.000 0.032 0.097 -2.065 0.137
4.000 6.000 0.194 0.774 -1.065 0.219
5.000 13.000 0.419 2.097 -0.065 0.002
6.000 7.000 0.226 1.355 0.935 0.198
7.000 3.000 0.097 0.677 1.935 0.363
8.000 0.000 0.000 0.000 2.935 0.000
9.000 0.000 0.000 0.000 3.935 0.000
10.000  0.000 0.000 0.000 4.935 0.000

E(X)= 5.065 Var = 1.222

data, the probability that theinput takesonthevalue X = 5is13/(1+1+6+13+7+3) or 13/31.
Thisisthe probability that the time between cars entering the carwash is 5 minutes. If we
were to plot the number of times X takes on each value indicated in Table 3.1, the result
would be the frequency distribution for X. The corresponding discrete probability density
function could be cal culated from this by dividing the frequencies each by 31, thetotal of the
samples. This has been graphed in Figure 3.2. The Probability column in the tableis gener-
ated by dividing the numbersin the frequency column by 31. Each number in he rightmost
column is the product of the corresponding numbers in the Frequency and Probability col-
umns. Adding this column then givesthe expected (mean) val ue shown. The expected (mean)
value E(X)) of the probability density function of thediscreterandomvariable X, (1=1,2,...,n),
sometimes called the average, isdefined as,

E(X) = Z X; Py (X = Xj) (3.10)
]
0.5
> 04 + ]
S 03 |
3
e 0.2 T
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1 2 3 4 5 6 7 8 9 10
Value of X
Figure 3.2 Probability density function for collected data
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Table 3.3 Calculation of normally distributed model for collected data
X Freq. Prob. X*Prob X -E(X) [X-E(X)]>**P(X) Norm(X,5.065,1.1054)

1.000 0.000 0.000 0.000 -4.065 0.000 0.0004
2.000 1.000 0.032 0.065 -3.065 0.303 0.0077
3.000 1.000 0.032 0.097 -2.065 0.137 0.0630
4000 6.000 0.194 0.774 -1.065 0.219 0.2269
5.000 13.000 0419 2.097 -0.065 0.002 0.3603
6.000 7.000 0.226 1.355 0.935 0.198 0.2524
7.000 3.000 0.097 0.677 1.935 0.363 0.0780
8.000 0.000 0.000 0.000 2.935 0.000 0.0106
9.000 0.000 0.000 0.000 3.935 0.000 0.0006
10.000 0.000 0.000 0.000 4.935 0.000 0.0000

These calculations are, so far, independent of the shape of the probability density function.
In words, this says that the mean value is equal to the sum of the probabilities, each multi-
plied by the corresponding value of X. For the given data, thiswould be found by adding up
the probabilities of Table 3.1, each multiplied by its corresponding value of X. The products,
showninthetable, add up to the mean value E(X) = 5.065. Thisisthe mean interarrival time
between the cars. The significance of the mean isthat it is the most probable value of the
random variable.

Thevariance o, > of adistribution function having mean E(X) isgiven by,
o,> = E[X —E(X)]? =E(X?) —E*(X) (3.11)

That is, the variance is the sum of the squared deviations from the mean value, each multi-
plied by the probability of that value. Thisis 1.222, for the tabulated data, as calculated in

04
2 03 +
B 02+
o]
°
a 0.1 +
0.0 :~:|_|: FE |_|ﬁ =
1 2 3 4 5 6 7 8 9 10
Value of X

Figure 3.3 Normally distributed data modeling collected data
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Table 3.2 and shown in Figure 3.2. The mean value 5.065 was used for E(X) in the calcula-
tions shown.

The significance of the variance is that it is the most probable range of deviation
from the mean. Note that aNormal distribution with amean of 5.065 and standard deviation
of 1.1054 (the square root of the variance) has aprobability distribution very closeto that of
the tabulated data, as calculated in Table 3.3 and shown in Figure 3.3 (Compare Prob. and
Norm. columns). In this case we can say that we have amodel for the tabulated data. This
model can be used in asimulation in order to generate data similar to that gathered in the
field.

Note that the Normal distribution is more symmetrical than the distribution mea-
sured in the field, and the probabilities differ slightly. When an ideal distribution fits data
gathered in the field closely, the model probably needs no further development for use in
simulation. In the case shown, a Normal distribution with a mean of 5.065 and a standard
deviation of 1.1054 would probably be considered good enough to represent the datain the
simulation model for a car wash.

A method for model development hasthus emerged. The method beginswith collec-
tion of field datafor interarrival timesor servicetimes. These arethen grouped, so that there
areanumber of occurrences of each timein each group. The number of occurrencesarethen
normalized to probabilities by dividing each by the total number of samples. This gives a
probability of occurrencefor each specified time. These are then plotted and compared with
available standard probability density functions. Some adjustment of the parameters of the
standard functions may be needed to get aclose fit. Thefitted standard function can then be
used to generate the events in asimulation.

Standard Distributions

Mathematicians have evolved anumber of probability distributionsthat can be used
to model business processes. These distributions are of two types: continuous and discrete.
Continuous distributions represent the probability of arandom variable X taking on any real
number value. In a discrete distribution, the random variable X can take on only integer
(wholenumber) values. Thus continuous distributions are frequently used to model interarrival
times and service times, while discrete distributions could be used to model the number of
items or entitiesarriving at agiven time or in a specified timeinterval. The Normal, Expo-
nential, and Weibul distributions are examples of continuous distributions. The Binomial,
Poisson, and Geometric distributions are representative of discrete distributions.

Poisson Distribution

The Poisson distribution is often used to characterize the number of events taking
place over a specific time or a specific sample size, such asthe number of carsarriving at a
toll gateinal minuteinterval or the number of itemsin a shopping cart. Note that, the time
between events occuring according to a Poisson distributed rate will be Exponentially dis-
tributed. The Poisson distribution has a single-parameter (1), and requires a whole number
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input. The Poisson distributed probability of X eventstaking placein aspecified timeinterval
isgiven by,
e’ A%
X1

p(X) = 3.12

The Mean and Variance of the distribution are both equal to A. Some examples for
different values of A are shown in Figure 3.4aand 3.4b. Notice that the mean of each distri-
bution liesat the chosen value of A. Alternatively, the Betadistribution setsnon-zero discrete
limits.

y
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Poisson(X, 1.0) Figure 3.4a  Poisson probability dis-
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Poisson(X, 5.0) Figure 3.4b  Poisson probability dis-
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Exponential Distribution

The Exponential distribution is often used to characterize the interarrival time of
entities entering the service queue or the service time for an entity after removal from the
gueue. The time between customer arrivals can frequently be modeled by the exponential
distribution. The Exponential distribution has also been used to model the time between
failures of apiece of equipment. As has aready been mentioned, the time between Poisson
distributed eventsis Exponentially distributed. The Exponential distribution hasasingle pa-
rameter (i) and requiresareal number input (X). The Exponentially distributed probability
of aninput taking on value X taking isgiven by,
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1
p(X) == 3.13
7

The Mean of the distribution isequal to p, and the Variance is equal to p2. An example for
mean p = 0.5isshownin Figure 3.5.

0.5
> 04 + . . . .
£ Exponential(X, 0.5) Figure 3.5 Exponential probabil-
a 03 ity distribution for pa-
3 rameter | = 0.5
S 02+ .
%01+ H |—|

AL I 5 T 1 TS

1 2 3 4 5 6 7 8 9 10
Value of X

The cumulativedistribution function F(X) isgiven by
F(X)=1-e**# 3.14

and represents the probability that the event occurs between 0 and the given X value. Sub-
tracting two values of F(X) gives the probability that X lies between the lower and upper
values selected. Thus, for discrete (integer) values of X,

p(X) = F(X +0.5) —=F (X —-0.5) 3.15

Thisfact can be used to generate the equivalent of a discrete distribution.

TheNormal Distribution

The Normal distribution iscommonly used to characterize eventsthat have atime of
occurrence, or other measurabl e variable, that takes on values about a central, Mean, value.
The probability distribution is a continuous distribution having two parameters, the Mean
and the Standard Deviation. X. The Normally distributed distributed probability of an input
taking on value X taking isgiven by,

1 o 3.16
0(X) = o (- (207)
2710°
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where the Mean of the distributionisequal to i, and the Varianceisequal to o2. An example
for p=5and o =0.1isshownin Figure 3.6. If negative values cause problems, the L ognor-
mal distribution can be used.

0.5
5. 041 Normal(X, 5, 1) Figure 3.6 Normal probability dis-
= 03 1 tribution for param-

eters u=5 and c=1.

Probabili

02+
0.1 +
OO | I_l | |

1 2 3 4 5 6
Value of X

Asbefore, subtracting two values of the cumulative distribution F(X) will givethe probabil -
ity that X lies between the lower and upper values selected. That is, for discrete (integer)
valuesof X,

p(X) =F(X +0.5) -F (X —0.5) 3.17

Thisfact can be used to generate the equivalent of a discrete distribution.

Summary

The basic queuing model for an element of a discrete process, is characterized by
entity arrival rates and service times, each represented by a statistical distribution. As the
average arrival rate for a given process approaches the average service rate, the number of
entitiesin the queue will increase. Probability distributions can be obtained by recording the
interarrival times of entities and the service completion times for servers. The number of
occurrences of these times are then normalized to probabilities by dividing by their frequen-
ciesof occurrence. The corresponding probability density function isthen plotted and com-
pared with available standard functions. To complete the model, the parameter(s) of the
standard function is (are) adjusted for best fit to the experimentally observed data.
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Questions

(1)
(2)

(3)

(4)

()

(6)

(7)

| dentify the entities, attributes, activities, resources, paths, and states, for acarwash.

|dentify the entities, attributes, activities, resources, paths, and states, for a“ Sezttle
style” coffee shop.

Identify the entities, attributes, activities, resources, paths, and states, for a ware-
house.

| dentify the entities, attributes, activities, resources, paths, and states, for apurchas-
ing system.

|dentify the entities, attributes, activities, resources, paths, and states, for a produc-
tion system for manufacturing and packaging cookies.

| dentify the entities, attributes, activities, resources, paths, and states, for acustomer
service system.

Develop a spread sheet to verify the calculations and graphs shown for the data of
Table 3.1.
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Design Homewor k

(1)

(2)

(3)

(4)

The number of customer groups of sizel, 2, 3,4, 5, 6, 7, 8, 9, and 10 entering a
restaurant for the evening wasfound to be 16, 14, 9, 5, 2, 1, 0, 0, 0, O, respectively.
Please make a statistical model to fit these data.

The number of shopping baskets containing 1 - 20 itemsarriving at the express check-
out of asupermarket wasfoundtobel, 4, 9, 13, 18, 16, 14,10,7,4,2,1,1,0,0, 1,
0, 1, 0, O, respectively. Please make a statistical model to fit these data.

The time peopl e take to compl ete their transactions at an automatic teller machine,
from 3to 12 minuteswas observed. The number of peopletaking each of thesetimes
wasrecordedtobe 37,14, 5,2, 1,0, 0, 0, 0, O, respectively. Please make a statistical
model to fit these data.

Find and fit a statistical model for the data tabul ated bel ow.

Bin Frequency
1 0
2 1
3 1
4 6
5 13
6 7
7 3
8 0
9 0
10 0
More 0
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L aboratory Homewor k

(1)

(2)

(3)

(4)

()

(6)

(7)

(8)

Record the arrival time (time of day) of customers at a car wash. Do thisaround the
middle of abusy day. Then repeat this procedure at another time of day, or another
day, in which the car wash is not as busy. Be sure to record this for at least 50
customersin each case.

Tabulate the set of recorded interarrival timesand processing timesin aspread sheet,
by subtracting the recorded times of day. Use the histogram function of the spread
sheet program to plot discrete distributions for the processing times in each of the
operations.

Make a statistical model that fits the data presented in Problem 2 as closely as pos-
shble.

Record the arrival time (time of day) of customers at a*“ Seattle style” coffee shop.
Do thisearly on abusy morning. Then repeat this procedure at another time of day,
or another day, in which the coffee shop is not as busy. Be sure to record thisfor at
least 50 customersin each case. Save the datain a spreadsheet for later use.

Tabulate the set of recorded interarrival timesand processing timesin aspread sheet,
by subtracting the recorded times of day. Use the histogram function of the spread
sheet program to plot discrete distributions for the processing times in each of the
operations.

Make a statistical model that fits the data presented in Problem 5 as closely as pos-
sble.

Make a statistical model for the number of itemsin ashopping basket. Use the meth-
ods described in the problems above.

Make a statistical model for the time people take to complete their transactions at an
automatic teller machine. Use the methods described in the problems above.
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